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Wave propagationThis paper is the sequel of a companion Part I paper devoted to the constitutive equations and to the
quasi-static behavior of a second strain gradient material model with second velocity gradient inertia.
In the present Part II paper, a multi-cell homogenization procedure (developed in the Part I paper) is
applied to a nonhomogeneous body modelled as a simple material cell system, in conjunction with the
principle of virtual work (PVW) for inertial actions (i.e. momenta and inertia forces), which at the
macro-scale level takes on the typical format as for a second velocity gradient inertia material model.
The latter (macro-scale) PVW is used to determine the equilibrium equations relating the (ordinary, dou-
ble and triple) generalized momenta to the inertia forces. As a consequence of the surface effects, the lat-
ter inertia forces include (ordinary) inertia body forces within the bulk material, as well as (ordinary and
double) inertia surface tractions on the boundary layer and (ordinary) inertia line tractions on the edge
line rod; they all depend on the acceleration in a nonstandard way, but the classical laws are recovered in
the case of no higher order inertia. The classical linear and angular momentum theorems are extended to
the present context of second velocity gradient inertia, showing that the extended theorems—used in
conjunction with the Cauchy traction theorem—lead to the local force and moment (stress symmetry)
motion equations, just like for a classical continuum. A gradient elasticity theory is proposed, whereby
the dynamic evolution problem for assigned initial and boundary conditions is shown to admit a Ham-
ilton-type variational principle; the uniqueness of the solution is also discussed. A few simple applica-
tions to wave propagation and dispersion problems are presented. The paper indicates the correct way
to describe the inertia forces in the presence of higher order inertia; it extends and improves previous
ﬁndings by the author [Polizzotto, C., 2012. A gradient elasticity theory for second-grade materials and
higher order inertia. Int. J. Solids Struct. 49, 2121–2137]. Overall conclusions are drawn at the end of
the paper.
 2013 Elsevier Ltd. All rights reserved.1. Preliminaries
The basic motivations of the present study (composed of two
companion Part I and Part II papers) were discussed in the Intro-
duction of the Part I paper. Therefore, here we limit ourselves to
giving a summary of the previous paper and the outline of the
present one.1.1. Résumé of the results of Part I
In the Part I paper, a second strain gradient elasticity model was
derived by means of a multi-cell homogenization procedure ap-
plied to a body enclosed within a boundary surface with edge lines
and corner points. Four geometrically different cell elements wereused to cover, respectively, the bulk material, a thin boundary
layer, a rod along the edge line (s) and some rod junctions around
the corner points. This made it possible to take into account the
surface effects, that is, the effects produced by the boundary sur-
face (with the inherent singularities) upon the behavior of the bulk
material close to it. It was found that the equivalent continuum is
endowed with a free energy w and a kinetic energy j of the forms:
w ¼ wðe;re;rreÞ; j ¼ jðv;rv;rrvÞ ð1Þ
where e is the standard (symmetric) strain tensor, and v the veloc-
ity vector. At the macro-scale, the material is therefore constitu-
tively characterized by a set of (ordinary, double and triple)
generalized stresses, say
r ¼ @w
@e
; rð1Þ ¼ @w
@ðreÞ ; r
ð2Þ ¼ @w
@ðrreÞ ; ð2Þ
as for the quasi-static behavior, and by an analogous set of general-
ized momenta, say
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@v
; pð1Þ ¼ @j
@ðrvÞ ; p
ð2Þ ¼ @j
@ðrrvÞ ; ð3Þ
as for the dynamic behavior. Eq. (2) gives the elasticity laws relating
the generalized stresses to the strain e, hence to the displacement u
through the compatibility relation e ¼ rsu, whereas (3) gives the
inertia laws relating the generalized momenta to the velocity v ¼ _u.
For practical reasons, w and j were chosen as
w ¼ 12 C :: eeþ ‘2s1ðreÞT  reþ ‘4s2ðrreÞT : rre
 
j ¼ 12 q vvþ ‘2d1rv : rv þ ‘4d2rrv ..
.rrv
 
9>=
>; ð4Þ
where C is the classical moduli tensor for isotropic elasticity, q is
the mass density, and (‘s1; ‘s2), (‘d1; ‘d2) are some length scale
parameters for statics and dynamics, respectively. With the choice
of (4) the constitutive laws (2) and (3) simplify as follows:
r ¼ C : e; rð1Þ ¼ ‘2s1rr; rð2Þ ¼ ‘4s2rrr
p ¼ qv pð1Þ ¼ ‘2d1rp; pð2Þ ¼ ‘4d2rrp
)
ð5Þ
The featuring characteristics of the latter equations consist in the
circumstance whereby the ordinary stress obeys the classical
Hooke’s law and the ordinary momentum equals the classical mo-
tion quantity qv, whereas the double and triple stresses and mo-
menta are expressed as the ﬁrst and second gradients of the
related ordinary stress and momentum, respectively. This is a dis-
tinctive feature of the so-called Aifantis model of the ﬁrst strain
gradient elasticity theory (Aifantis, 1992; Altan and Aifantis,
1992; Ru and Aifantis, 1993; Askes and Aifantis, 2006, 2011).
For this reason we call ‘‘extended Aifantis model’’ the one charac-
terized by (5).
The quasi-static behavior of the above material model was
investigated by means of the principle of virtual power (PVP), cast
in the macro-scale form obtained through the mentioned multi-
cell homogenization procedure, i.e. the typical form as for a second
strain gradient material. The equilibrium equations relating the
generalized stresses to the (quasi-static) external forces were
established in this way. The latter equations are well known from
the literature (Mindlin, 1965; Germain, 1973; Gurtin, 2001), but a
suitable re-interpretation of them brought out some original
meaningful aspects of the way in which—due to the inherent sur-
face effects—a gradient elastic material does work. Indeed, such a
material works as a combination of two material subsystems, of
which one is formed up by the bulk material behaving as a classical
Cauchy continuum, the other is the boundary surface behaving as a
membrane-like boundary layer. The ordinary surface traction was
found to split into two parts (with response-dependent propor-
tions), of which one (called Cauchy traction) is transmitted to the
bulk material, the other (called Gurtin–Murdoch traction) acts—to-
gether with all other external boundary tractions—upon the
boundary layer, which ﬁnds itself in global and local equilibrium
according to the principles of surface mechanics (Gurtin and Mur-
doch, 1975, 1978). Indeed, the boundary layer does constitute a
two-dimensional structured manifold that replaces the classical
purely geometrical concept of boundary surface.
The stress tensors necessary to describe the above rather com-
plex behavior of a second strain gradient material include:
 One ordinary second order symmetric stress tensor T ¼ fTijg
(dimension force per unit area), distributed within the bulk vol-
ume and deﬁned as followsT :¼ rr  rð1Þ þ rr : rð2Þ ¼ r ‘2s1Drþ ‘4s2DDr ð6Þ
 Two second order symmetric stress tensors R ¼ fRijg (dimen-
sion force per unit length) and Rð1Þ ¼ fRð1Þij g (dimension moment
per unit length), both deﬁned over the boundary surface asR :¼n  ðrð1Þ rrð2ÞÞrð?nÞ  ðn rð2ÞÞþðKHIÞ  ðnn :rð2ÞÞ
Rð1Þ :¼nn :rð2Þ
)
ð7Þ
 One second order symmetric stress tensor P ¼ fPijg (dimen-
sion moment per unit length) distributed over the edge line
and deﬁned asP :¼ nm : rð2Þ þ ð8Þ
 A set of (as many as the number of corner points) moment trac-
tions Uc (dimension moment) deﬁned asUc :¼
X
r
kr Pr
 !
xc
ð9ÞIn (7), K ¼ fKijg :¼ rð?nÞn is the curvature tensor of the
boundary surface, H :¼ Kii=twice the mean curvature. In (8), m de-
notes suitably oriented unit vectors normal to the surfaces inter-
secting on the edge line, at points close to this line, whereas the
symbol . . .½ þ means difference between contributions from the
two intersecting surfaces. In (9), kr denotes a (suitably oriented)
unit vector tangential to the edge line at points close to the generic
corner point xc , whereP is also computed, and the sum is extended
to the edge line branches attached to the considered corner point.
The ﬁeld and boundary equilibrium equations associated to any
subdomain B#V with edge line CðBÞ and corner points
xc; ðc ¼ 1;2; . . . ;NðBÞÞ, are reported hereafter for self-containment
reasons, namely
r  Tþ b ¼ 0 in B ð10Þ
ðrð?nÞ þ HnÞ  Rþ t n  T|ﬄﬄﬄﬄ{zﬄﬄﬄﬄ}
bS
¼ 0
ðrð?nÞ þ HnÞ  Rð1Þ þ tð1Þ  n  R|ﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄ}
bð1Þ
S
¼ 0
tð2Þ  n  Rð1Þ|ﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
bð1ÞS
¼ 0
9>>>>>=
>>>>>;
on @B ð11Þ
@sðs PÞ þ f  m  R½ þ|ﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄ}
bL
¼ 0
fð1Þ  nm : Rð1Þ þ|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
bð1ÞL
PðsÞ P ¼ 0
9>>>=
>>>;
on C ðBÞ ð12Þ
Uc  Fc ¼ 0; 8c ¼ 1;2; . . . ;N ðBÞ: ð13Þ
The stress T is in equilibrium with the body force b within the do-
main B and with the Cauchy traction n  T over the skin of @B. The
boundary layer @B constitutes a two-dimensional manifold able to
sustain ordinary (t), double (tð1Þ) and triple (tð2Þ) tractions; it is en-
dowed with degrees of freedom (DoFs) u; @nu and @2nnu, to which the
boundary equilibrium equations of (11) are concomitant, respec-
tively.The latter equations take in account not only the variability
of the surface stresses, (through the surface divergence operator),
but also the contributions due to the geometry of the surface
(through the mean curvature H). In the part I paper, suitable dis-
crete models are discussed which provide a physical interpretation
of the latter boundary equations.
Analogously, the edge line constitutes a one-dimensional man-
ifold capable to sustain ordinary (f) and double (fð1Þ) line forces; it
is endowed with DoFs u and PðsÞ  ru=projection ofru on a plane
orthogonal to the edge line, to which the line equilibrium equa-
tions of (12) are concomitant. Finally, (13) provides the equilib-
rium equations of point forces for every corner point. According
to the d’Alembert principle, all the mentioned external forces are
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b ¼ bni þ bin, t ¼ tni þ tin, etc. It is worth noting that the equilib-
rium Eqs. (10)–(13) simplify drastically for a ﬁrst strain gradient
material model. In fact, in the latter case (in which ‘s2 ¼ 0), all
the ingredients labeled with the superscript ð2Þ vanish identically,
hence of the collection of stresses (6)–(9) only T and R remain, but
with the simpliﬁed expressions (Polizzotto, 2012):
T ¼ r ‘2s1Dr in B
R ¼ n  rð1Þ ¼ ‘2s1@nr on @ B
)
ð14Þ
whereas of the equilibrium Eqs. (10)–(13) only the ﬁrst three re-
main valid, but (11)2 in the simpliﬁed form
tð1Þ  n  R ¼ 0 on @B: ð15Þ1.2. The content of the present Part II paper
The dynamic behavior of the material under consideration is the
object of the present paper. In Section 2, by the multi-cell homog-
enization procedure introduced in Section I-3, an ad hoc principle
of virtual work (PVW) for the inertial actions (i.e. momenta and
inertia forces) is implemented at the macro-scale, by which the
equilibrium equations relating the generalized momenta to the
inertia forces are derived. It is found that—as a consequence of
the (inertial) surface effects—the latter momenta contribute to
the formation of a set of basic momenta consisting of the body
momentum, p, distributed within the bulk material, the surface mo-
menta, pS and p
ð1Þ
S , distributed over the boundary layer, and the line
momentum, pL, distributed along the edge line rod. All these mo-
menta are related to the velocity in a nonstandard way and are
associated to the concomitant force-acceleration vectors and inertia
forces, which forces include the inertia body forces, bin, within the
bulk material, the inertia surface tractions, tin and tð1Þin, on the
boundary layer, and the inertia line tractions, f in, on the edge line
rod.
In Section 3, the classical linear and angular momentum theo-
rems are suitably extended to gradient materials with second
velocity gradient inertia. Whereas the linear momentum theorem
retains its classical format (for it just requires contributions from
all momentum sources), instead the angular momentum theorem
requires some conceptual adjustments due to the notable circum-
stance that, in the presence of higher order inertia, the body
momentum p is not collinear to the velocity v. By virtue of the ba-
sic property of the boundary layer whereby it ﬁnds itself in global
equilibrium, the traction Cauchy theorem can be used in conjunc-
tion with the latter extended momentum theorems in order to de-
rive the local force and moment (stress symmetry) equilibrium
equations, just like for a classical Cauchy continuum.
Section 4 is devoted to the study of the dynamic evolution prob-
lem, for which a Hamilton variational principle is provided and the
uniqueness of the solution is discussed.
Section 5 is devoted to some applications. These include a bar
under extensional waves, a Timoshenko beam under ﬂexural
waves and a semi-inﬁnite strip with longitudinal natural waves.
Some ﬁnal overall comments and conclusions are given in
Section 6.
Notation. Although already available in the Part I paper, the
notation rules are here reported again for more completeness.
A compact notation is used, with boldface letters denoting vec-
tors or tensors of any order. The scalar product between vectors or
tensors is denoted with as many dots as the number of contracted
index pairs. For instance, denoting by u ¼ fuig;v ¼ fv ig,
e ¼ feijg;r ¼ frijg; s ¼ fsijkg and A ¼ fAijkhg some vectors and ten-
sors, one can write: u  v ¼ uiv i, r : e ¼ rijeij, A : e ¼ fAijkhekhg,
A..
.
s ¼ fAijkhsjkhg, AT ..
.
s ¼ fAijkhskjig. The summation rule for repeatedindices holds and the subscripts denote components with respect
to an orthogonal Cartesian co-ordinate system, say x ¼ ðx1; x2; x3Þ.
The tensor product is simply indicated as, for instance,
uv ¼ fuiv jg, and thus A : uv ¼ fAijkhukvhg. An upper dot over a sym-
bol denotes its (material) time derivative, _u ¼ du=d t. The symbol
r denotes the spatial gradient operator, i.e. ru ¼ f@ iujg;rs is
the symmetric part of r, and D is the Laplacian operator. The pro-
jection operator PðnÞ associated to a plane of unit normal n is de-
ﬁned as PðnÞ :¼ I nn ¼ fdij  ninjg. The symbol rð?nÞ denotes
the gradient over a plane of normal n, i.e. rð?nÞ :¼ PðnÞ  r, or
@ð?nÞi ¼ ðdij  ninjÞ@j. The symbol  ¼ fijkg indicates the alternating
third order tensor. The symbol :¼ means equality by deﬁnition.
Equation and section numbers, say ðnÞ, of Part I are referred to with
the notation ðI-nÞ. Other symbols will be deﬁned in the text at their
ﬁrst appearance.2. The principle of virtual work for inertial actions
As discussed by Polizzotto (2012), an ad hoc principle of virtual
work (PVW) for inertial actions (i.e. momenta and inertia forces),
apparently unknown from the wide literature, (see Polizzotto,
2012), can be exploited to ﬁnd out the equilibrium equations relat-
ing the generalized momenta, p;pð1Þ;pð2Þ of Section 1 to the inher-
ent inertia forces. This principle differs from the PVP as follows.
The PVP considers the actual deformed conﬁguration of the body
at any (ﬁxed) time together with the related internal and external
forces, and sets equal to each other the powers performed by the
two groups of forces (taken ﬁxed) through an arbitrary virtual
velocity ﬁeld, say ~vðxÞ, but complying with the compatibility con-
ditions. Instead, the PVW in question considers the actual motion
of the body between two (arbitrarily ﬁxed) times, say t1 and
t2 > t1, together with the related generalized momenta and con-
comitant inertia forces, and sets equal to each other the work con-
tributions of the two groups of actions as a consequence of a virtual
change of the considered motion, which is speciﬁed by an arbitrary
(virtual) velocity ﬁeld, say ~v ¼ ~vðx; tÞ, but complying with the com-
patibility conditions and leaving unaltered the initial and ﬁnal con-
ﬁgurations and velocities; that is, ~vðx; tÞ has to satisfy the
conditions:
~vðx; t1Þ ¼ ~vðx; t2Þ ¼ 0 8x 2 B [ @B
@n~vðx; t1Þ ¼ @n~vðx; t2Þ ¼ 0 8x 2 @B

ð16Þ
In classical continuum mechanics the mentioned PVW is not re-
quired, since there the inertial body force is related to the momen-
tum in a known way, namely bin ¼ q _v ¼ qdðp=qÞ=dt. In the
present context, instead, the inertia force/momentum relation is a
priori unknown and it can be determined as an additional equilib-
rium equation. In this purpose, the mentioned PVW for inertial ac-
tions plays a role analogous to the one played by the PVP for the
standard equilibrium equations. (In the Part I paper, the momen-
tum/velocity relations (3) were determined as a set of additional
constitutive equations making use of the inertial energy balance
principle.)
2.1. Multi-cell homogenization procedure
In order to implement the above PVW the multi-cell homogeni-
zation procedure developed in the Part I paper is employed. For
this aim, let us consider a body of (ﬁnite) domain V like the one
introduced in Section I-3 for the PVP. For more convenience, the
essentials of the latter multi-cell homogenization procedure are re-
ported hereafter. The generic subdomain of V is conceived as the
union of a core domain, say B, and a circumventing boundary layer,
say BS. This is generated by a straight line segment of (small) length
c0, lying on the (generilized) external normal to the boundary
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over the same surface. The length parameter c0 is equal to a certain
number of interparticle spaces, such that BS ! @B at the limit as
c0 ! 0. BS is composed, in general, by three parts, say
BS ¼ Brs [ Bel [ Bcp, where Brs is the portion of BS that includes the
regular points of @B, whereas Bel and Bcp are the portions of BS that
include the singular points, that is, the points of the edge line (s)
(collectively called CðBÞ) and, respectively, the corner points, say
xc; ðc ¼ 1;2; . . . ;NðBÞÞ. Four geometrically different types of cell
elements are respectively employed within the four subdomains
speciﬁed before, namely: (i) cell elements Ve within B, each having
the form of a sphere of radius c0; (ii) cell elements Le within Brs,
each having the form of a linear segment normal to the boundary
surface and of length c0; (iii) cell elements Ae within Bel, each hav-
ing the form of a circular sector of radius c0, lying on a plane
orthogonal to the edge line; (iv) cell elements Vce each taken as a
spherical sector of radius c0 centered at the corner point
xc; c ¼ 1;2; . . . ;NðBÞ. More details on this issue are given in the Part
I paper, where a geometrical sketch of the distribution of the cell
elements is also given (Figure I-1).
Next, in analogy to the procedure of Section I-3, here we want to
assess how the PVW enforced at the micro-scale of the cell system
is affected by the multi-cell homogenization process. For this pur-
pose, we write the internal virtual work done by the micro-scale
momentum within the cell system as
W int ¼
Z t2
t1
Z
B
1
Ve
Z
Ve
p0ðxþ rÞ  _~v0ðxþ rÞdv 0ðrÞdvðxÞdt ð17Þ
where the primes denote micro-scale quantities, i.e. pertaining to
the cell elements. Here, the macro-scale virtual work contribution
at the generic point of B is computed as the mean value of the mi-
cro-scale contribution from the cell Ve attached to this point. Anal-
ogously, the corresponding external virtual work can be expressed
as
Wext ¼
Z t2
t1
Z
B
1
Ve
Z
Ve
bin
0 ðxþ rÞ  ~v0ðxþ rÞdv 0ðrÞdvðxÞ

þ
Z
@B
1
Le
Z
Le
tin
0 ðxþ lnÞ  ~v0ðxþ lnÞdl0ðrÞdaðxÞ
þ
Z
CðBÞ
1
Ae
Z
Ae
f in
0 ðxþ PðsÞ  rÞ  ~v0ðxþ PðsÞ  rÞda0ðrÞds
þ
XNðBÞ
c¼1
1
Vce
Z
Vce
Fin
0
c ðxc þ rÞ  ~v0ðxc þ rÞdv 0ðrÞ
)
dt: ð18Þ
Here, s ¼ sðxÞ for x 2 CðBÞ, whereas the symbols bin0 ; tin0 , f in0 and Fin0
denote micro-scale inertia forces distributed within the cells
Ve; Le;Ae;V
c
e, respectively.
Next, let us approximate the velocity ~v0 by a Taylor series as
follows:
~v0ðxþ rÞ ¼ ~vðxÞ þ r  r~vðxÞ þ 12 rr : rr~vðxÞ 8x 2 B
~v0ðxþ lnÞ ¼ ~vðxÞ þ l@n~vðxÞ þ 12 l
2
@2nn~vðxÞ 8x 2 @B
~v0ðxþ PðsÞ  rÞ ¼ ~vðxÞ þ r  rð?sÞ~vðxÞ 8x 2 CðBÞ
~v0ðxc þ rÞ ¼ ~vc :¼ ~vðxcÞ 8c ¼ 1;2; . . . ;NðBÞ
9>>>=
>>;
ð19Þ
Here, rð?sÞ denotes the (line-transversal) gradient over a plane
orthogonal to the edge line at a point x where the unit tangential
vector is s ¼ sðxÞ. On substituting (19)1 into (17), we have that
W int can be expressed as:
W int ¼W intð~v;B; t1; t2Þ :
¼
Z t2
t1
Z
B
p  _~v þ pð1Þ : r _~v þ pð2Þ...rr _~v
 
dv dt ð20Þwhere p;pð1Þ;pð2Þ are the (macro-scale) generalized momenta given
by (I-6), i.e.
pðxÞ :¼ 1Ve
R
Ve
p0ðxþ rÞdv 0ðrÞ ðordinary momentumÞ
pð1ÞðxÞ :¼ 1Ve
R
Ve
rp0ðxþ rÞdv 0ðrÞ ðdouble momentumÞ
pð2ÞðxÞ :¼ 1Ve
R
Ve
1
2 rrp
0ðxþ rÞdv 0ðrÞ ðtriple momentumÞ
9>=
>;
ð21Þ
Additionally, let us introduce the notations:
bin :¼ bð0Þin r  bð1Þin þrrbð2Þin; 8x 2 B ð22Þ
where
bð0ÞinðxÞ :¼ 1Ve
R
Ve
bin
0 ðxþ rÞdv 0ðrÞ
bð1ÞinðxÞ :¼ 1Ve
R
Ve
rbin
0 ðxþ rÞdv 0ðrÞ
bð2ÞinðxÞ :¼ 1Ve
R
Ve
1
2 rrb
in0 ðxþ rÞdv 0ðrÞ
9>>=
>>; ð23Þ
We also deﬁne
tinðxÞ :¼ 1Le
R
Le
tin
0 ðxþ lnÞdlþ tinb ðxÞ
tð1ÞinðxÞ :¼ 1Le
R
Le
ltin
0 ðxþ lnÞdlþ tð1Þinb ðxÞ
tð2ÞinðxÞ :¼ 1Le
R
Le
1
2 l
2tin
0 ðxþ lnÞdlda0ðrÞ
9>=
>; 8x 2 @B ð24Þ
and
f inðxÞ :¼ 1Ae
R
Ae
f in
0 ðxþ PðsÞ  rÞda0ðrÞ þ f inb ðxÞ
fð1ÞinðxÞ :¼ 1Ae
R
Ae
rf in
0 ðxþ PðsÞ  rÞda0ðrÞ
9=
; 8x 2 CðBÞ ð25ÞFinc :¼
1
Vce
Z
Vce
Fin
0 ðxc þ rÞdv 0ðrÞ; 8c ¼ 1;2; . . . ;NðBÞ ð26Þ
where
tinb :¼ n  ðbð1Þin r  bð2ÞinÞ  ðrðnÞ þ HnÞ  ðn  bð2ÞinÞ
tð1Þinb :¼ nn : bð2Þin; f inb :¼ nm : bð2Þin
h iþ

9=
; 8x 2 B
ð27Þ
For the jump notation ½ þ, see the deﬁnition given in Section I-5.
Next, substituting (19) into (18) and after some straightforward
mathematic manipulations in which the above notations are used,
we can write Wext as follows:
Wext ¼Wextð~v;B;t1;t2Þ :¼
Z t2
t1
Z
B
bin  ~vdvþ
Z
@B
tin  ~vþ tð1Þin @n~v
	
þtð2Þin @2nn~v


daþ
Z
CðBÞ
f in  ~vþ fð1Þin :rð?sÞ~v
 

dsþ
XNðBÞ
c¼1
Finc  ~vc
)
dt:
ð28Þ
Here, the quantities afﬁxed by the superscript ‘‘in’’ represent inertia
forces exhibited by an equivalent structural system built by means
of the multi-cell homogenization process. The latter forces are the
inertia body forces bin distributed within the bulk material in B,
the set of (ordinary, double and triple) inertia surface tractions
ðtin; tð1Þin; tð2ÞinÞ distributed within the boundary layer over @B, the
set of (ordinary and double) inertia line tractions ðf in; fð1ÞinÞ acting
on the edge line rod over CðBÞ, and ﬁnally the set of ordinary inertia
point forces Finc acting on the junctions around the corner points xc .
The desired (macro-scale) PVW for inertial actions consists in
the equality between the internal and external virtual work contri-
butions previously obtained in (20) and (28), satisﬁed as an iden-
tity. This task will be accomplished in next subsection.
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The (macro-scale) PVW in question is readily obtained by the
equality
W intð~v;B; t1; t2Þ ¼ Wextð~v;B; t1; t2Þ ð29Þ
which has to be satisﬁed for any motion ~vðx; tÞ complying with (16),
any B#V even inﬁnitesimal and for any t1; t2 > t1 within the real
evolution process.
As with the PVP, which involves—among other—stresses and
surface tractions of higher order, likewise the above PVW involves
fundamental ingredients of higher order, namely, double and triple
momenta, double and triple inertia surface tractions, and double
inertia line tractions. In this concern, one can observe that a double
(triple) inertia surface traction is just like the analogous quasi-sta-
tic double (triple) surface traction, whereas double and triple mo-
menta are conceptually similar to double (or dipole) and triple (or
quadrupole) forces, respectively, except for their dimension being
that of an impulse = forcetime. The momentum components
pð1Þki and p
ð2Þ
kli denote, respectively, dipole and quadrupole impulses
of direction i and with lever arm (s), the former in the direction k,
the latter in the directions k; l. As already noted in Section I-2, there
are in total 3 + 9+18 = 30 (ordinary, double and triple) momentum
components, work-conjugate of as many velocity and (ﬁrst and
second) velocity gradients components.
Applying the standard and surface divergence theorems and
with the aid of some straightforward mathematics—implying
transformations similar to those used to pass from (I-14) to (I-
19), but the details are skipped for brevity—the left hand of (29),
given by (20), can be rewritten in the more compact form:
W intð~v;B;t1;t2Þ :¼
Z t2
t1
Z
B
p  _~vdvþ
Z
@B
pS  _~vþpð1ÞS @n _~v
 

daþ
Z
CðBÞ
pL  _~vds
( )
dt: ð30Þ
Here, the following (basic) momentum vectors have been
introduced:
p :¼prpð1Þ þrr :pð2Þ ðbodymomentumÞ
pS :¼n  pð1Þ rpð2Þ
	  rð?nÞ þHn	   n pð2Þ	  ðordinary surfacemomentumÞ
pð1ÞS :¼nn :pð2Þ ðdouble surfacemomentumÞ
pL :¼ nm :pð2Þ
 þ
 ðlinemomentumÞ
9>>>=
>>;
ð31Þ
Dimensionally, p is an impulse per unit volume, pS and p
ð1Þ
S are im-
pulse per unit area, and pL is an impulse per unit length; p
ð1Þ
S has the
meaning of dipole impulse with lever arm in the direction n. Indeed,
momentum actions manifest themselves at the points not only of
the domain (with its mass density q), but also of the boundary layer
and of the edge line rod where no speciﬁc mass densities are associated.
On the other hand, by an integration by parts in time, (30) can
be rewritten as follows
W intð~v;B;t1;t2Þ¼
Z t2
t1
Z
B
q
d
dt
1
q
p
 
|ﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄ}
u
 ~vdvdtþ
Z
B
p  ~vdv
 t2
t1

Z t2
t1
Z
@B
(
q
d
dt
1
q
pS
 
|ﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄ}
uS
 ~vþq d
dt
1
q
pð1ÞS
 
|ﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
uð1Þ
S
@n~v
)
dadt
þ
Z
@B
pS  ~vþpð1ÞS @n~v
 

da
 t2
t1

Z t2
t1
Z
CðBÞ
q
d
dt
1
q
pL
 
|ﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄ}
uL
 ~vdsdtþ
Z
CðBÞ
pL  ~vds
" #t2
t1
ð32Þ
where the volume mass density q has been treated as time depen-
dent for more generality. Then, considering that the space, surfaceand line integrals within the square brackets are all vanishing by
(16), Eq. (32) can be cast in the form:
W intð~v;B;t1;t2Þ¼
Z t2
t1
Z
B
u  ~vdvþ
Z
@B
uS  ~vþuð1ÞS @n~v
 

daþ
Z
CðBÞ
uL  ~vds
( )
dt:
ð33Þ
Here the vectors u;uS, u
ð1Þ
S and uL denote the mass-acceleration
vectors (Germain, 1973), which are here deﬁned as follows:
u :¼ q ddt 1qp
 

ðbody mass-accelerationÞ
uS :¼ q ddt 1qpS
 

ðordinary surface mass-accelerationÞ
uð1ÞS :¼ q ddt 1qpð1ÞS
 

ðdouble surface mass-accelerationÞ
uL :¼ q ddt 1qpL
 

ðline mass-accelerationÞ
9>>>>>=
>>>>;
ð34Þ
Next, substituting (33) and (28) into (29) gives the identityZ t2
t1
Z
B
binþu
 

 ~vdvþ
Z
@B
tinþuS
	   ~vþ tð1Þinþuð1ÞS 
 @n~vh

þ tð2Þin @2nn~v
i
daþ
Z
CðBÞ
f inþuL
 

 ~vþ fð1Þin :rð?sÞ~v
h i
dsþ
XNðBÞ
c¼1
Finc  ~vc
)
dt¼0:
ð35Þ
This, having to be satisﬁed for any compatible virtual motion, leads
to the following equalities:
bin ¼ u in B
tin ¼ uS; tð1Þin ¼ uð1ÞS ; on @B
f in ¼ uL on CðBÞ
9>=
>>; ð36Þ
whereas tð2Þin; fð1Þin and Finc prove to be all identically vanishing.
The result just obtained means that the derived equivalent
structural system is dynamically featured by ordinary inertia body
forces bin within B, by ordinary and double inertia surface trac-
tions, tin and tð1Þin, over @B, as well as by ordinary inertial line trac-
tions, f in, on CðBÞ, but it does not exhibit triple inertia surface
tractions on @B, nor double inertia line tractions on CðBÞ, nor ordinary
inertia point forces at the corner points. The occurrence of inertia
forces within the boundary layer and the edge line rod is a mani-
festation of the surface effects.
Recalling (5)2, from (31) we can obtain the (basic) momentum
vectors as functions of the velocity and velocity gradients, i.e.
p ¼ qv :¼ q v  ‘2d1Dv þ ‘4d2DDv
	 
pS ¼ ‘2d1q@nv  ‘4d2q @nDv þ ðrð?nÞ þ HnÞ  @nrv
 
pð1ÞS ¼ ‘4d2q@2nnv
pL ¼ ‘4d2q nm½ þ : rð?sÞrð?sÞv
9>>>=
>>>;
ð37Þ
In (37)4 the normality of both n and m to s and the continuity of rv
over CðBÞ have been exploited. Then, substituting (37) into (34), the
expressions of the mass-acceleration vectors are readily obtained,
that is:
u ¼ q _v :¼ q _v  ‘2d1D _v þ ‘4d2DD _v
	 
in B
uS ¼ ‘2d1q@n _v  ‘4d2q @nD _v þ ðrð?nÞ þ HnÞ  @nr _v
 
uð1ÞS ¼ ‘4d2q@2nn _v
+
on @B
uL ¼ ‘4d2q nm½ þ : rð?sÞrð?sÞ _v on CðBÞ
9>>=
>>>;
ð38Þ
According to (36) the inertia forces prove to be equal to the negative
of the corresponding mass-acceleration vectors. In the case of ﬁrst
velocity gradient inertia, the relations previously derived simplify
by just setting ‘d2 ¼ 0 and dropping out all terms containing any
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that the momentum vectors (37) reduce to the body momentum
p ¼ qðv  ‘2d1DvÞ and the surface momentum pS ¼ ‘2d1q@nv, in
agreement with Polizzotto (2012). For a classical continuum,
whereby ‘d1 ¼ ‘d2 ¼ 0, the momentum vectors (37) and the mass-
acceleration (38) reduce to p ¼ qv and u ¼ q _v, whereas
pS ¼ pð1ÞS ¼ pL ¼ 0 and uS ¼ uð1ÞS ¼ uL ¼ 0, that is, the classical laws
are recovered.
3. Linear and angular momentum theorems
In analogy to what was done for ﬁrst velocity gradient inertia
(Polizzotto, 2012), in this section an extension of the linear and
angular momentum theorems for second velocity gradient iner-
tia is provided. The same reasoning path as before is followed
here.
3.1. Linear momentum theorem and related issues
The total linear momentum associated to the (closed) domain B
is deﬁned as
PlinðBÞ :¼
Z
B
pdv þ
Z
@B
pS daþ
Z
CðBÞ
pL ds: ð39Þ
This, differentiating with respect to t and recalling the deﬁnitions
(34) and the equalities (36), can be rewriten as:
d
dt
PlinðBÞ ¼
Z
B
udv þ
Z
@B
uS daþ
Z
CðBÞ
uL ds ¼ RinðBÞ ð40Þ
where RinðBÞ is the resultant of the inertia forces acting on B, i.e.
RinðBÞ :¼
Z
B
bin dv þ
Z
@B
tin daþ
Z
CðBÞ
f in ds: ð41Þ
On decomposing the body force b in its noninertial and inertial
parts, i.e. b ¼ bni þ bin, and analogously for t and f (but Fnic ¼ Fc ,
for no inertia forces are attached to the corner points), we can write,
remembering (I-26):
RðBÞ ¼ RniðBÞ þ RinðBÞ ¼ 0 ð42Þ
and thus (40) proves to be equivalent to
d
dt
PlinðBÞ ¼ RniðBÞ ð43Þ
where RniðBÞ is the resultant of all noninertial external forces on B,
i.e.
RniðBÞ ¼
Z
B
bni dv þ
Z
@B
tni daþ
Z
CðBÞ
fni dsþ
XNðBÞ
c¼1
Fc ð44Þ
Equality (43) constitutes an extended linear momentum theorem,
generalization of the classical one to the present context. It reads:
Linear momentum theorem. The time derivative of the linear
momentum PlinðBÞ relative to the body B equals the resultant,
RniðBÞ, of all the noninertial external forces applied on it.
For ‘d1 ¼ ‘d2 ¼ 0 (hence p ¼ qv, pS ¼ pL ¼ 0), the classical theo-
rem is recovered, whereas for ‘d2 ¼ 0, but ‘d1 – 0, the theorem
above takes on the form pertaining to ﬁrst velocity gradient inertia
(Polizzotto, 2012).
Next, denoting by PlinðSBÞ the total linear momentum relative to
the boundary layer SB alone, that is
PlinðSBÞ :¼
Z
@B
pS daþ
Z
CðBÞ
pL ds ð45Þ
and following the same reasoning as for PlinðBÞ, we can obtain a
relation similar to (43), namelyd
dt
PlinðSBÞ ¼ RniðSBÞ ð46Þ
where RniðSBÞ is the resultant of all noninertial external forces act-
ing on SB, i.e. (compare with (I-56))
RniðSBÞ ¼
Z
@B
bniS daþ
Z
CðBÞ
fni dsþ
XNðBÞ
c¼1
Fc ð47Þ
Eq. (46) constitutes a form of linear momentum theorem speciﬁcally
valid for the boundary layer.
Next, on subtracting (46) from (43) we have, by ðI 54Þ1 and
(27)1, the equalityZ
B
q _vdv ¼
Z
B
bni dv þ
Z
@B
tC da ð48Þ
This equality, a consequence of (43) and (46), represents a form of
linear momentum theorem as applied to the bulk material alone. Since
tC ¼ n  T, applying the divergence theorem we obtain from (48):Z
B
r  Tþ bni  q _v
 

da ¼ 0 ð49Þ
which, having to hold for arbitrary B, leads to
r  Tþ bni ¼ q _v ð50Þ
This coincides with the motion equation in (I-50) (with b ¼ bin þ bni
and bin ¼ q _v). For ‘d1 ¼ ‘d2 ¼ 0 (hence v ¼ v) it takes the classical
format, whereas for ‘d2 ¼ 0 (but ‘d1 – 0) it reduces to the form per-
taining to ﬁrst velocity gradient inertia (Polizzotto, 2012).
3.2. Angular momentum theorem and related issues
The total angular momentum associated to the (closed) domain
B is deﬁned as
PangðBÞ :¼
Z
B
x pdv þ
Z
@B
x pS þ n pð1ÞS
 

daþ
Z
CðBÞ
x pL ds
ð51Þ
By (34) and differentiating with respect to t we have:
d
dt
PangðBÞ ¼
Z
B
xudv þ
Z
@B
xuS þ nuð1ÞS
 

da
þ
Z
CðBÞ
xuL dsþ NðBÞ ð52Þ
where we have posed
NðBÞ :¼
Z
B
v  pdv þ
Z
@B
v  pS þ @nv  pð1ÞS
 

daþ
Z
CðBÞ
v  pL ds
ð53Þ
The vector NðBÞ is a measure of the non-parallelism between the
momentum vectors and the velocity v.
Next, by (36), (52) can be rewritten as
d
dt
PangðBÞ  NðBÞ ¼ MinðBÞ ð54Þ
whereMinðBÞ is the moment resultant of all inertial actions on B, i.e.
MinðBÞ :¼
Z
B
xbindvþ
Z
@B
x tinþn tð1Þin	 daþZ
CðBÞ
x f inds:
ð55Þ
Since, like for b; t; f, also it is tð1Þ ¼ tð1Þni þ tð1Þin, then recalling (I-28)
we can write
MðBÞ ¼MniðBÞ þMinðBÞ ¼ 0 ð56Þ
therefore (54) is equivantent to
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dt
PangðBÞ  NðBÞ ¼MniðBÞ ð57Þ
where MniðBÞ is the moment resultant of the noninertial external
forces and moments applied on B, i.e.
MniðBÞ ¼
Z
B
x bni dv þ
Z
@B
x tni þ n tð1Þni	 da
þ
Z
CðBÞ
x fni þ  : fð1ÞðLTÞ
 

dsþ
XNðBÞ
c¼1
xc  Fc ð58Þ
Eq. (57) represents an extended angular momentum theorem, a gen-
eralization to the present context of the classical one. It reads:
Angular momentum theorem. The time derivative of the total
angular momentum of a body B, less the vector NðBÞ accounting for
the momentum/velocity non-parallelism, equals the moment resultant
of all the external noninertial forces and moments applied to it.
For ‘d1 ¼ ‘d2 ¼ 0 (hence v ¼ v and pS ¼ pð1ÞS ¼ pL ¼ 0), the clas-
sical theorem is recovered, whereas for ‘d2 ¼ 0 (but ‘d1 – 0), the ex-
tended theorem takes on the form pertaining to ﬁrst velocity
gradient inertia (Polizzotto, 2012).
Next, let PangðSBÞ denote the total angular momentum of the
boundary layer taken alone, i.e.
PangðSBÞ ¼
Z
@B
x pS þ n pð1ÞS
 

daþ
Z
CðBÞ
x pL ds ð59Þ
Then, following the same reasoning as for PangðBÞ, we can write the
equality
d
dt
PangðSBÞ  NðSBÞ ¼MniðSBÞ ð60Þ
whereMniðSBÞ is the moment resultant of all the noninertial actions
applied to SB, i.e. (compare with (I-57)):
MniðSBÞ ¼
Z
@B
x bniS þ n tð1Þni
 

da
þ
Z
CðBÞ
x fni þ  : fð1ÞðLTÞ
 

dsþ
XNðBÞ
c¼1
xc  Fc ð61Þ
and NðSBÞ is a vector deﬁned as
NðSBÞ :¼
Z
@B
v  pS þ @nv  pð1ÞS
 

daþ
Z
CðBÞ
v  pL ds ð62Þ
Eq. (60) constitutes a form of angular momentum theorem speciﬁcally
valid for the boundary layer.
Next, subtracting (60) from (57) gives, remembering ðI 54Þ1
and (37)1,Z
B
x q _vdv ¼
Z
B
x bni dv þ
Z
@B
x tC da ð63Þ
This equality, a consequence of (57) and (60), represents a form of
the angular momentum theorem as applied to the bulk material alone.
Since tC ¼ n  T, applying the divergence theorem, we have from
(63), using the indicial notation:Z
B
ijkxj Tk;pp þ bnik  q _vk
 

dv þ
Z
B
ijkTjk dv ¼ 0 ð64Þ
This, in virtue of the motion equation of (50), ﬁnally gives
ijkTjk ¼ 0 ð65Þ
which asserts the symmetry of T. In analogy to classical continuum
mechanics, the latter result has been rendered achievable by the
Cauchy traction theorem, which in fact has been here found appli-
cable also within the context of strain gradient materials. This is in
contrast to Toupin (1962, 1964) and Fried and Gurtin (2006), who
considered the latter Cauchy theorem not available for strain gradi-
ent materials.4. The dynamic evolution problem
The dynamic evolution problem is addressed in this section,
showing that it can be characterized by a Hamilton type variational
principle and that the relevant response, if it exists, is unique.
4.1. Field and boundary governing equations
A body of volume V with boundary surface S ¼ @V and mass
density q is considered, which is restrained on a part of its bound-
ary surface, say Su# S, where the displacements u and its ﬁrst and
second normal derivatives are speciﬁed, that is:
uðx; tÞ ¼ u^ðx; tÞ
@nuðx; tÞ ¼ g^ðx; tÞ
@2nnuðx; tÞ ¼ g^ð1Þðx; tÞ
9>=
>; on Su 8t > 0 ð66Þ
Furthermore, the body is subjected to external actions as body force
b^ within V; tractions t^, double tractions t^ð1Þ and triple tractions t^ð2Þ
on ST ¼ S n Su; line forces f^ and double line forces f^ð1Þ on the (free)
edge line C, as well as point forces F^c at the (free) corner points
xc , ðc ¼ 1;2; . . . ;NÞ. All these external actions vary in space and
time, hence constitute a speciﬁed load history with time t P 0.
The initial conditions at time t ¼ 0 are also speciﬁed as
uðx;0Þ ¼ u^0ðxÞ in V
@nuðx;0Þ ¼ g^0ðxÞ on S
_uðx;0Þ ¼ v^0ðxÞ in V
@n _uðx;0Þ ¼ h^0ðxÞ on S
9>>=
>>;
at t ¼ 0 ð67Þ
The response of the body to a speciﬁed load history and initial con-
ditions is governed by the equilibrium Eqs. (10)–(13), (31), (34) and
(36), the standard compatibility equations with v ¼ _u, as well as the
constitutive Eq. (5) with C being the tensor
Cijkl ¼ kdijdkl þ lðdikdjl þ dildjkÞ ð68Þ
and k;l being the Lamé constants. After straightforward substitu-
tions and transformations, the ﬁeld motion equations can be cast
as follows:
LUs ¼ q€Ud  bni
Us ¼ u ‘2s1Duþ ‘4s2DDu
Ud ¼ u ‘2d1Duþ ‘4d2DDu
9>=
>; in V ; 8t > 0 ð69Þ
where L denotes the Navier differential operator of classical isotro-
pic elasticity, that is (Sokolnikoff, 1956):
LUs :¼ lDUs þ ðkþ lÞrr  Us: ð70Þ
An alternative form of the latter set of coupled ﬁeld equations can
be achieved through the classical Clebsch transformation (Sokolnik-
off, 1956), that is:
u ¼ rg þrH ð71Þ
where g and H are some scalar and vector ﬁelds. By a well-known
procedure, (69) can be restated as follows:
ðC1Þ2Dgs ¼ €gd; ðC2Þ2DHs ¼ €Hd ð72Þ
in which
ga ¼ g  ‘2a1Dg þ ‘4a2DDg
Ha ¼ H ‘2a1DHþ ‘4a2DDH
)
ða ¼ s;dÞ ð73Þ
and
ðC1Þ2 :¼ ðkþ 2lÞ=q; ðC2Þ2 :¼ l=q ð74Þ
The set of coupled partial differential equations (PDEs) (69), or (72)
and (73), is accompanied by the kinematic boundary conditions
(66), the initial conditions (67), as well as the static boundary
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ditions on the free edge line and corner points (12) and (13).
This is indeed a very intricate boundary/initial value-problem
and the search for suitable computational strategies constitutes
an open research issue. Meanwhile, we can prove (in SubSec-
tion 4.2) that the solution to the latter problem, if it exists, is char-
acterized by a Hamilton type variational principle. The uniqueness
of the solution is also discussed in SubSection 4.3.
4.2. Hamilton variational principle for second velocity gradient inertia
The Hamilton type variational principle given by Polizzotto
(2012) for ﬁrst strain gradient and ﬁrst velocity gradient elastic
materials can be extended to the more general context of the pres-
ent paper in a very straightforward fashion. The proof of the ex-
tended principle is reported hereafter, but following a reasoning
path different from the one in (Polizzotto (2012)). The functional
to make stationary is
H :¼
Z t2
t1
Z
V
_jðv;rv;rrvÞ  _wðe;re;rreÞ
h i
dv dt
þ
Z t2
t1
Z
V
b^  _udv þ
Z
ST
t^  _uþ t^ð1Þ  @n _uþ t^ð2Þ  @2nn _u
 
da

þ
Z
C
f^  _uþ f^ð1Þ : rð?sÞ _u
h i
dsþ
XN
c¼1
F^c  _uc
)
dt ð75Þ
Here, j is the kinetic energy and w the free energy as deﬁned by (4).
All the cupped quantities denote the assigned noninertial external
actions (the superscript ‘‘ni’’ is dropped for simplicity of notation).
They include, besides the body forces b^ and the tractions
t^; t^ð1Þ; t^ð2Þ, also the tractions f^ and f^ð1Þ acting on the (free) edge line
C, as well as the point forces Fc applied on the (free) corner points.
All these actions are speciﬁed space and time functions. H varies
with the ﬁelds uðx; tÞ and vðx; tÞ, which are assumed to be sufﬁ-
ciently regular and to satisfy the following space and time compat-
ibility conditions:
e ¼ rsu; v ¼ _u in V
u ¼ u^; @nu ¼ g^; @2nnu ¼ h^ on Su
)
8t P 0 ð76Þ
together with the initial and ﬁnal conditions
uðx; t1Þ ¼ u^1ðxÞ; vðx; t1Þ ¼ v^1ðxÞ in V
uðx; t2Þ ¼ u^2ðxÞ; vðx; t2Þ ¼ v^2ðxÞ in V
@nvðx; t1Þ ¼ c^1ðxÞ; @nvðx; t2Þ ¼ c^2ðxÞ on S
9>=
>; ð77Þ
Any set of ﬁelds u;v complying with (76) and (77) deﬁnes a motion
whereby the body moves from a ﬁxed conﬁguration and velocity
ﬁeld at time t1 to another ﬁxed conﬁguration and velocity ﬁeld at
the subsequent time t2. In the spirit of the Hamiltonian principle,
here we prove that the stationarity conditions for H coincide with
the equations governing the dynamic evolution problem, and that con-
versely the/a solution to the latter problem makes H stationary.
Let us start by computing the ﬁrst variation of H, which making
use of the notation (I-9) reads:
~H :¼
Z t2
t1
Z
V
p  _~v þ pð1Þ : r _~v þ pð2Þ...rr _~v
 
dv dt|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
I0

Z t2
t1
Z
V
w;e :
_~eþ w;ðreÞ..
.r _~eþ w;ðrreÞ :: rr _~e
 
dv dt|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
I00
þ
Z t2
t1
Z
V
b^  ~vdv þ
Z
ST
t^  ~v þ t^ð1Þ  @n~v þ t^ð2Þ  @2nn~v
 
da

þ
Z
C
f^  ~v þ f^ð1Þ : rð?sÞ~v
h i
dsþ
XN
c¼1
F^c  ~vc
)
dt: ð78ÞThe space–time integral I0 on the ﬁrst line of the right hand side of
the latter equation coincides with the right hand side of (20) except
that the domain B is here replaced by V. Then, the same transforma-
tions there employed to pass from (20) to (32) can be adopted here,
hence by (20) and (36) we can write:
I0 ¼
Z t2
t1
Z
V
b^in  ~vdv þ
Z
S
t^in  ~v þ t^ð1Þin  @n~v
	 
daþ
Z
C
f^ in  ~vds
 
dt
ð79Þ
where the vectors with the superscript ðÞin denote body, surface
and line inertia forces as deﬁned by (31), (34) and (36), that is,
the inertia forces induced by any candidate motion of the body.
Next, let us introduce the deﬁnitions—indeed, coinciding with
(2)—as
r :¼ @w=@e; rð1Þ :¼ @w=@ðreÞ; rð2Þ :¼ @w=@ðrreÞ ð80Þ
which represent ﬁelds of ordinary, double and triple stresses work-
ing through the virtual strain rates and their ﬁrst and second space
gradients. According to the notation within (I-17), the space–time
integral I00 of (78) can be written as:
I00 ¼
Z t2
t1
Lintð~v;VÞdt ð81Þ
where Lintð~v;VÞ denotes the internal virtual power produced within
the elastic body at the generic time during any virtual motion. Eq.
(81) enables us to cast ~H as in the following
~H ¼ 
Z t2
t1
Lintð~v;VÞ  Lextð~v;VÞ½ dt ð82Þ
where Lextð~v;VÞ is given by:
Lextð~v;VÞ :¼
Z
V
b^þbin
 

 ~vdvþ
Z
S
t^þtin	   ~vþ t^ð1Þ þtð1Þin	  @n~v
þ t^ð2Þ @2nn~v
i
daþ
Z
CðVÞ
f^þ f in
 

 ~vþ f^ð1Þ :rð?sÞ~v
h i
dsþ
XNðVÞ
c¼1
Fc  ~vc:
ð83Þ
The latter Lextð~v;VÞ represents the external virtual power at the gen-
eric time during any virtual motion, expended by the inertia forces
previously introduced together with the given noninertial ones. Eq.
(82) gives (to within an inessential minus sign) ~H as the time inte-
gral over the interval ðt1; t2Þ of the global virtual power expended
within the whole body in concomitance to any virtual motion, that
is, for any ﬁelds ~u and ~v complying with (76) and (77), hence
~v ¼ @n~v ¼ @2nn~v ¼ 0 on Su. We can thus conclude as follows:
a. If H is stationary, by which ~H vanishes identically, then the
PVP is satisﬁed at every time t within the interval ðt1; t2Þ,
which implies that the stress ﬁelds correspondingly pro-
vided by the constitutive equations are in equilibrium with
the inertial and noninertial external actions and thus the
body’s actual motion is captured.
b. If a set of ﬁelds ðu;vÞ exists which, together with the con-
comitant stress ﬁelds, is the/a solution of the dynamic evo-
lution problem, then the PVP has to be satisﬁed at all
times within the interval ðt1; t2Þ, hence ~H has to vanish iden-
tically, and H is made stationary correspondingly.
4.3. Uniqueness of the solution
In this subsection we show that the solution to the dynamic
evolution problem, if it exists, is unique. For this purpose, following
a standard procedure, two distinct solutions are admitted to exist,
respectively labeled with symbols as u1;v1, etc. and u2;v2, etc.,
both of which satisfy the ﬁeld, boundary and initial conditions
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Fig. 1. Dispersion curves for a second strain gradient elastic bar in extensional
harmonic vibration with second velocity gradient inertia.
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noted with the symbol u :¼ u1  u2, etc., such that the ﬁeld vari-
ables u; v; r, T, etc., satisfy the same governing equations as the
original variables, but in a homogeneous format. In other words,
the difference variables can be considered to constitute the/a
solution to a dynamic evolution problem like the given one, but
with zero external actions and zero initial conditions, hence also
the/a solution to a Hamilton variational principle like the
one proved previously, but j! j ¼ jðv;rv;rrvÞ and w! w ¼
wðe;re;rreÞ and all the loads taken null.
Then, on choosing t1 ¼ 0; t2 ¼ t > 0, since at t ¼ 0 it is j ¼ w  0
by the initial conditions, the functional (75) takes on the form:
H ¼
Z t
0
Z
V
_jðv;rv;rrvÞ  _wðe;re;rreÞ
h i
dv dt
¼
Z
V
jðv;rv;rrvÞ  wðe;re;rreÞ½ dvjt : ð84Þ
Since H has to be stationary, that is H ¼ const, it follows that, set-
ting to zero the inessential constant, we must haveZ
V
jðv;rv;rrvÞ  wðe;re;rreÞ½ dvjt ¼ 0 8t > 0: ð85Þ
The latter condition permits us to state that the two solutions may
differ from each other in such a way that the global strain power and
the global kinetic power corresponding to the solution difference be
equal to each other at every time t > 0 during the evolution process.
This is a very restrictive condition, which apparently can be satis-
ﬁed only in the case of trivially vanishing solution difference. Situ-
ations in which a multiple solution satisfying (85) may exist are
considered exceptional and disregarded. We can thus reasonably
conclude that e  0 and v  0, hence v1 ¼ v2 and e1 ¼ e2 within
V, that is, the solution of the dynamic evolution problem, if it exists,
is unique.
5. Applications
In this section a few simple applications are presented in the
purpose to illustrate some featuring aspects of the proposed
theory.
5.1. Bar under extensional waves
Let us consider a bar of inﬁnite length, made up of second strain
gradient material like the one studied in the preceding sections
and subjected to second velocity gradient inertia effects. The mo-
tion equation, according to (69), reads as
E u ‘2s1u00 þ ‘4s2u
0000	 00 ¼ q €u ‘2d1€u00 þ ‘4d2€u0000	  ð86Þ
where the primes denote derivatives with respect to the alscissa x
measured from some ﬁxed point. A wave-form solution is assumed
to exist, namely
uðx; tÞ ¼ u0 exp½ikðx ctÞ ð87Þ
where k is the wave number, c the phase velocity and u0 the wave
amplitude. With the deﬁnitions (assuming ‘d1 – 0):
c2L :¼
E
q
; n :¼ ‘d1k; s1 :¼ ‘s1
‘d1
; s2 :¼ ‘s2
‘d1
; d2 :¼ ‘d2
‘d1
ð88Þ
substituting (87) into (86) gives:
 1þ s21n2 þ s42n4
	 þ c
cL
 2
1þ n2 þ d42n4
 
" #
n2uðx; tÞ ¼ 0: ð89Þ
As the latter equality must be satisﬁed at any location x and any
time t, it has to be identically:c
cL
¼ 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ s21n2 þ s42n4
1þ n2 þ d42n4
s
ð90Þ
This is the dispersion function, that is, the law of dependence of the
phase velocity c on the wave number k. It is easy to ﬁnd out that any
set of length scale parameters complying with the conditions
s1 < 1; d2 > s2; ð‘d1 – 0; d2 – 0Þ ð91Þ
guarantees that the dispersion curve (90) displays entirely below
the horizontal line c=cL ¼ 1. The ratio c=cL of (90) (taken with the
positive sign) is plotted in Fig. 1 as a function of the adimensional-
ized wave number n for different values of the length scale param-
eters, that is s1 ¼ 0;0:25;0:5;0:75;1:0;1:5 and s2 ¼ s1=2;d2 ¼ 0:5. It
can be observed that the dispersion curve exceeds the non-disper-
sive asymptote c=cL ¼ 1 only for s1 > 1. For n!1 the ratio c=cL
tends to the asymptotic extremal value ðs2=d2Þ2. Indeed, the above
shows that the second strain gradient/second velocity gradient
bar model does possess a rather high capacity to accommodate dis-
persion effects of real waves.
5.2. Timoshenko beam under ﬂexural waves
The results obtained by Polizzotto (2012) for a ﬁrst strain gradi-
ent/ﬁrst velocity gradient Timoshenko beam are here extended to
an analogous beam according to the present theory. The analytical
details remain the same, except for the extension to second strain
gradient and second velocity gradient. wðx; tÞ denotes the vertical
displacement of the cross section, /ðx; tÞ its rotation. The only non-
vanishing stress conponents remain rxx ¼ Ey/0ðx; tÞ and
rxy ¼ G½/ðx; tÞ þw0ðx; tÞ. The nonvanishing total stress components
are expressed as
Txx ¼ rxx  ‘2s1r00xx þ ‘4s2r
0000
xx
Txy ¼ rxy  ‘2s1r00xy þ ‘4s2r
0000
xy
)
ð92Þ
whereas the nonvanishing surface stresses components are
Rxx ¼ ny@yð‘2s1rxx  ‘4s2r00xxÞ
Rxy ¼ 0; Rð1Þxx ¼ Rð1Þxy ¼ 0
)
ð93Þ
The inertia body forces are expressed as
binx ¼ qð€ux  ‘2d1€u00x þ ‘4d2€u
0000
x Þ
biny ¼ qð€uy  ‘2d1€u00y þ ‘4d2€u
0000
y Þ
)
ð94Þ
whereas the surface inertia forces are
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tiny ¼ 0; tð1Þinx ¼ tð1Þiny ¼ 0
)
ð95Þ
Following the same analytical procedure as in the already quoted
paper, the phase velocity ratio c=cL, where cL ¼
ﬃﬃﬃﬃﬃﬃﬃﬃ
E=q
p
, is found ex-
pressed by the same formula, that is
c
cL
¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
q
2p

ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
q
2p
 2
 r
p
svuut ð96Þ
but the coefﬁcients p; q; r are here expressed as
p ¼ n2ð1þ d21n2 þ d42n4Þ
2 þ n2ð1þ d21n2 þ d42n4Þðd21 þ 2d42n2Þ
q ¼ n2ð1þ d21n2 þ d42n4Þð1þ s21n2 þ s42n4Þ
þb1ð1þ n2Þð1þ d21n2 þ d42n4Þð1þ s21n2 þ s42n4Þ
þn2ð1þ d21n2 þ d42n4Þðs21 þ s42n2Þ
þb1n2ð1þ s21n2 þ s42n4Þðd21 þ 2d42n2Þ
r ¼ b1n2ð1þ s21n2 þ s42n4Þ
2 þ b1n2ð1þ s21n2 þ s42n4Þðs21 þ s42n2Þ
9>>>>>>>=
>>>>>>>>;
ð97Þ
with the deﬁnitions s1 :¼ ‘s1=R; s2 :¼ ‘s2=R, d1 :¼ ‘d1=R;d2 :¼ ‘d2=R
and n ¼ Rk denoting the adimensionalized wave number. In
Fig. 2(a) the ratio c=cL is plotted as a function of n (dispersion curve)
for different values of the internal length parameters. For compari-
son, the results obtained previously (s2 ¼ d2 ¼ 0) are also reported
in Fig. 2(b). One can observe that—at least within the set of internal
length parameter values there used—for s1 < 1 and at parity of
wave number the phase velocity proves to be smaller with the high-
er order model of (a) than with the lower order one of (b). For a
comparison between results related to the Timoshenko beam ob-
tained with a ﬁrst strain gradient theory and analogous results ob-
tained by Askes and Aifantis (2009, 2011) see the paper by
Polizzotto (2012).
5.3. Longitudinal waves within a semi-inﬁnite strip
The propagation of mono-dimensional waves within a semi-
inﬁnite strip can be addressed considering the same ﬁeld equation
of (86) used for the vibrating bar. The strip occupies the semi-inﬁ-
nite space xP 0 and is ﬁxed at x ¼ 1. Free vibrations are assumed
to have the form (Eringen and Suhubi, 1975)
uðx; sÞ ¼ /ðxÞ expðixsÞ ð98Þs1 1.2
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Fig. 2. Dispersion curves for a Timoshenko beam in ﬂexural waves: (a) Second strain grad
theory (Polizzotto, 2012).where the symbol s is used as the time variable (to avoid confusion
with the symbol t denoting the traction). The space function /ðxÞ
has to satisfy the differential equation
ð/ ‘2s1/00 þ ‘4s2/
0000 Þ00 þ x
cL
 2
ð/ ‘2d1/00 þ ‘4d2/
0000 Þ ¼ 0: ð99Þ
This is a sixth-order differential equation that can be cast in the
form
/000000 þ a/0000 þ b/00 þ c/ ¼ 0 ð100Þ
where the coefﬁcients a; b; c are given by
a ¼  s
2
1  d42X2
s42‘
2
d1
; b ¼ 1X
2
s42‘
4
d1
; c ¼ X
2
s42‘
6
d1
; ð101Þ
X :¼ x‘d1=cL denotes a non-dimensional free vibration frequency,
whereas the quantities s1; s2;d2; cL are deﬁned as in (88). The char-
acteristic equation of (100) is a third-order algebraic equation as
y3 þ ay2 þ byþ c ¼ 0 ð102Þ
which is assumed to admit three real roots, say y1; y2; y3. Then, the
solution /ðxÞ of (100) can be written as
/ðxÞ ¼
X3
1
Ai expðgixÞ þ
X3
1
Bi expðgixÞ ð103Þ
where gi :¼
ﬃﬃﬃﬃﬃﬃjyijp , and Ai;Bi; ði ¼ 1;2;3Þ, are constants to be deter-
mined by the boundary conditions. Since u! 0, hence /! 0, as
x!1, we can take B1 ¼ B2 ¼ B3 ¼ 0, such that (103) reduces to
/ðxÞ ¼
X3
1
Ai expðgixÞ ð104Þ
In the case of a strip ﬁxed at x ¼ 0, it is u ¼ u0 ¼ u00 ¼ 0, hence
/ ¼ /0 ¼ /00 ¼ 0, at x ¼ 0, which leads to the homogeneous linear
equations
A1 þ A2 þ A3 ¼ 0
g1A1 þ g2A2 þ g3A3 ¼ 0
g21A1 þ g22A2 þ g23A3 ¼ 0
9>=
>; ð105Þ
The vanishing of the determinant of the coefﬁcient matrix of the lat-
ter equations leads to the natural frequencies. For s1 ¼ 0:5; s2 ¼
0:25; d2 ¼ 0:5; ‘d1 ¼ 1, the smallest value of X has been found as
X 	 1:049.
In an analogous way can be addressed the case of a strip free at
x ¼ 0. Considering that, by (6) and (7), it iss1 1.2
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(b)
ient/second velocity gradient theory; (b) First strain gradient/ﬁrst velocity gradient
3776 C. Polizzotto / International Journal of Solids and Structures 50 (2013) 3766–3777T ¼ Eð/ ‘2s1/00 þ ‘4s2/
0000 Þ0 expðixsÞ
R ¼ Eð‘2s1/ ‘4s2/00Þ
00
expðixsÞ
Rð1Þ ¼ E‘4s2/000 expðixsÞ
9>=
>; ð106Þ
and, by (36) and (38), also it is (the noninertial external forces are
equal to zero)
t ¼ tin ¼ qx2ð‘2d1/0  ‘4d2/000Þ expðixsÞ
tð1Þ ¼ tð1Þin ¼ qx2‘4d2/00 expðixsÞ
tð2Þ ¼ 0
9>=
>; ð107Þ
then the boundary conditions (11) take on the form
bS ¼ tin  T ¼ 0
bð1ÞS ¼ tð1Þin  R ¼ 0
bð2ÞS ¼ Rð1Þ ¼ 0
9>=
>; at x ¼ 0;8s ð108Þ
This leads to a set of linear homogeneous equations for the un-
known constants A1;A2;A3, similar to (105).
6. Comments and conclusions
6.1. Summary and conclusions relative to the present Part II
In this Part II paper, a class of elastic materials with second
velocity gradient inertia has been addressed and the relevant (iner-
tial) surface effects have been assessed. The pertinent results can
be summarized as follows.
 The same multi-cell homogenization procedure advanced and
used within the Part I paper has been employed in the present
Part II paper, but in combination with the principle of virtual
work (PVW) for inertial actions enforced at the micro-scale for
the cell system. The resulting equivalent structural system has
been found to be characterized by a (macro-scale) PVW for iner-
tial actions cast in a form as for a body with edge lines and cor-
ner points, and exhibiting second velocity gradient inertia.
 With the exploitation of the latter (macro-scale) PVW, the equi-
librium equations relating the generalized momenta to the iner-
tia forces have been determined. It has been found that the
system (endowed with only a volume mass density q), proves
to be dynamically featured by inertia body forces within the
bulk, by (ordinary and double) inertia surface tractions over
the boundary layer, and inertia line forces over the edge line
rod, but no inertia point forces occur at the corner points. An
analogous distribution of momentum vectors has been found
to exist. The (nonstandard) relations between these momenta
and inertia forces to the velocity and the acceleration, respec-
tively, have been established showing that they recover the
classical forms in the absence of higher order inertia.
 The linear and angular momentum theorems of classical contin-
uum mechanics have been extended to the present context of
second velocity gradient inertia. The extensions required some
conceptual adjustments due to the lack of collinearity between
the momentum vectors and the velocity in the presence of
higher order inertia. The extended theorems, applied in cooper-
ation with the Cauchy traction theorem, lead to the local motion
equations and the stress symmetry just like within classical
mechanics.
 A Hamilton-type variational principle and a statement on the
uniqueness of the solution have been shown to hold for the
dynamic evolution problem, but no numerical solution methods
have been attempted. A few simple applications to wave prop-
agation problems have been presented, fromwhich the capacity
of the proposed gradient model to capture wave dispersion
effects emerges clearly.6.2. Conclusive comments on the full study
A ﬁrst key point of the present study is constituted by the non-
standard multi-cell homogenization procedure, by which not only
one is able to extract the inherent effective constitutive properties
from a given non-homogeneous material, but also to take into ac-
count the surface effects, that is, the effects produced by the pres-
ence of a circumventing boundary surface with its singularities (as
edge lines and corner points) on the (mechanical and inertial)
behavior of the near material particles. This goal has been achieved
by applying the homogenization procedure in conjunction with a
suitable thermodynamics energy balance principle, or a variational
principle, enforced at the micro-scale of the cell system, and then
looking at the resultant macro-scale format of this principle and
of the concomitant equivalent material system.
The above homogenization procedure was ﬁrstly applied to an
unbounded material conceived as a continuous distribution of
(spherical) cell elements of simple material, in conjunction with
the internal energy balance principle, or with the parallel inertial
energy balance principle. This led to an equivalent continuum hav-
ing the features of a second strain gradient elasticity model with
second velocity gradient inertia, constitutively characterized by
(ordinary, double and triple) stresses and momenta. Due the ab-
sence of a boundary surface, no surface effects were captured cor-
respondingly, which means that the derived constitutive equations
hold true independently of the actual domain’s extent.
The same multi-cell homogenization procedure was also ap-
plied to a non-homogeneous (ﬁnite) body conceived as the union
of a bulk material, a boundary layer, edge line rods and corner
point junctions, which led to an equivalent structural system
which instead exhibits surface effects. This process was imple-
mented in two ways:
(a) Using the homogenization procedure in combination with
the principle of virtual power (PVP) for quasi-static actions,
an equivalent structural system with surface effects of
mechanical nature was derived. This means that the latter
equivalent system is governed, as for its behavior under
quasi-stati actions, by a (macro-scale) PVP (for quasi-static
actions) exhibiting the typical format as for a second strain
gradient model, indeed a format known from the literature
(Mindlin, 1965) and (Germain, 1973).
(b) Using the homogenization procedure in combination with
an ad hoc principle of virtual work (PVW) for inertial actions,
an equivalent structural system with surface effects of iner-
tial nature was derived. This means that the latter equivalent
system is governed, as for its behavior under inertial actions,
by a (macro-scale) PVW (for inertial actions) exhibiting a
typical format as for a second velocity gradient inertia
model. To the author’s knowledge, the latter principle is
not known within the wide literature, at least not in the
form given here and previously advanced in Polizzotto
(2012).
A second key point of the present study is constitued by the
exploitation of the (macro-scale) PVP (for quasi-static actions),
and of the parallel PVW for inertial actions. We might have started
with these two principles taken in their respective macro-scale for-
mats, like in Polizzotto (2012) and (Mindlin, 1965), but here in-
stead they are the products of suitable homogenization processes.
The exploitation of the latter PVP led to the well-known ﬁeld
and boundary equilibrium equations of second strain gradient sol-
ids with edge lines and corner points (Mindlin, 1965; Germain,
1973; Gurtin, 2001). The latter equations, suitably re-interpreted,
suggested the intriguing idea of looking at a strain gradient elastic
body as at a composit system whereby the bulk material, behaving
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boundary layer obeying the principles of surface mechanics (Gurtin
and Murdoch, 1975, 1978). Indeed, due to the surface effects, the
microstructure particles near to the boundary do coalesce to form
up a boundary layer, which constitutes a structured two-dimen-
sional manifold replacing the classical purely geometrical concept
of boundary surface. Unlike the material surface conceived by Gur-
tin and Murdoch (1975, 1978), the above boundary layer does not
possess any constitutive equation of its own since no strain energy
is allowed to be stored within it; however such equations may be
introduced whenever desired by admitting such surface energy.
In a classical continuum the applied ordinary boundary trac-
tion is entirely transmitted to the bulk material. Instead, in a gra-
dient contimuum only a (response-dependent) part of it (Cauchy
traction) is transmitted to the bulk material, whereas the remain-
ing part (Gurtin–Murdoch traction) acts, together with all other
boundary tractions, on the boundary layer. This implies that
the totality of the external actions over the body can be sepa-
rated into two self-equilibrated groups, namely, on one hand,
the body forces within the bulk material together with the Cau-
chy tractions over the relevant boundary skin; on the other hand,
the Gurtin–Murdoch traction together with all other boundary
tractions upon the boundary layer. This, in contrast to Toupin
(1962, 1964) and Fried and Gurtin (2006), makes the classical
Cauchy traction theorem available also within the mechanics of
strain gradient solids.
The (macro-scale) PVW for inertial actions mentioned previ-
ously constitutes an effective tool to assess the inertia features of
a second velocity gradient material. Its exploitation enables one
to derive the equilibrium equations relating the momentum vec-
tors and the inertia forces. Due to the (inertial) surface effects,
the latter momentum vectors and inertia forces prove to be distrib-
uted not only within the bulk, but also within the boundary layer
and the edge line rod, although no speciﬁc surface and line mass
densities exist there. However, whenever required, a speciﬁc iner-
tia of the boundary layer can be introduced by simply assigning
some speciﬁc mass density per unit area, in a fashion similar as
for a material surface (Gurtin and Murdoch, 1975, 1978), and ana-
lously for the edge line rod.
The linear and angular momentum theorems, extensions of the
classical ones, hold true also for a second velocity gradient inertia
model. As in classical continuum solid mechanics, the latter theo-
rems can be used in conjunction with the the Cauchy traction the-
orem to ﬁnd out the local force and moment (stress symmetry)
equilibrium equations.
Most of the results herein provided improve and generalize
those obtained in a previous paper by Polizzotto (2012) for ﬁrst
strain gradient elastic materials with ﬁrst velocity gradient inertia.
The author believes that the present twin papers provide a useful
contribution for a better understanding of the mechanics of higher
grade elastic materials with higher order inertia. This indeed is a
context in which many novel intricate geometrical/mechanical
concepts (like e.g. higher order strains, double and triple stresses
and momenta, surface and line momentum vectors and analogous
inertia force vectors) intervene, with which perhaps researchers
are not sufﬁciently acquainted yet. Some efforts have been done
in this study (Appendix B of the Part I paper and elsewhere) foran easier handling of the latter concepts, but further study is
necessary.
The author also believes that the present strain gradient elastic-
ity theory may have an impact on problems of solid mechanics
where the boundary surface effects may play a dominant role. An
example may be a fracture problem in a strain gradiet material
for which there would be the necessity to conciliate the classical
picture of crack edges and crack tip with the concept of boundary
layer carried in by the gradient theory. Also, the study of the pre-
dictive capacities of the proposed model in comparison to other
simpler models—not adequately investigated in the present pa-
per—constitutes a paramount issue in the aim to probe the pro-
posed model. But these and other investigations, together with
the search for related numerical solution methods, remain open
to future research.
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